A researcher compares two groups:

« Group 1: 120 people, 72 support a policy
« Group 2: 100 people, 50 support the same policy

Let p; — Py represent the difference in sample proportions.

Which of the following best describes the sampling distribution of p; — P27

6(0.4) , 0.5(0.5)
120 T 100

A) Approximately normal, mean = 0.60 - 0.50, standard deviation = 1/”'

B) Approximately normal, mean = 0, standard deviation = ‘-1'/ % + —D'Ei'i]uﬁs]

C) Mot approximately normal because sample sizes are different

0.6—0.5

D) Approximately normal, mean = 0.60 - 0.50, standard deviation = 1204100



Sampling Distribution of p; — P9
* P1 — pq estimates the difference between two population proportions p; — ps.

*« The mean of the sampling distribution is the true difference:

M, —p, — 1 — P2.
« The standard deviation is

B \/Fl(l_pl) p2(1 — p2)
Op1—pa — ‘

.|_
T o
« The distribution is approximately normal if
nipr = 10, ni(1 —p1) = 10, ngpy; > 10, ny(1 — pa) > 10.
« Samples must be independent (10% condition for each group if sampling without

replacement).
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A researcher wants to compare the proportion of students who prefer online learning at

two schools.

« School A: 120 out of 200 students prefer online learning.

« School B: 90 out of 150 students prefer online learning.

a) Find the sample proportions for each school.
b) Calculate the difference in sample proportions (p4 — Pg).

c) Explain what the sampling distribution of the difference in sample proportions

represents.

d) If both schools' samples are random and independent, why can we use a normal

approximation for the sampling distribution?



a) p4 = 120/200 = 0.6, pp = 90/150 = 0.6
b)ps — pp = 0.6 — 0.6 = 0

¢) Sampling distribution = all possible differences in sample proportions; shows

variability around p4 — pg

d) Mormal approximation applies because samples are random, independent, and

success/failure conditions are met (np = 10, n{l — p} > 10)



STRETCH and CHALLENGE

Question 3: Linking Cl and Test

Two surveys report:
e« Group 1:p; = 0.62, 1, = 200
 Group 2: p; = 0.55,n, = 180

a) Construct a 95% confidence interval
b) Use the interval to test Hy : p1 = p2
c) Explain why the Cl and test give consistent conclusions

Question 4: Advanced Reasoning

A student claims:
“If O is in the confidence interval for p; — po, then the two proportions are equal.”
a) Evaluate the claim

b) Explain the correct statistical interpretation
c) Describe a scenario where the interval includes 0 but the proportions differ in reality



Question 3: Linking Cl and Test

a) 95% ClI:

0.62(0.38) , 0.55(0.45)

200 180 = —0.04 to 0.18

0.62 — 0.55 £ 1.96\/

b) Since 0 is inside C| = fail to reject Hp
c) The Cl gives the same conclusion as a 2-sided test at a = 0.05

Question 4: Advanced Reasoning

a) Claim is false

b) Correct interpretation: If 0 is in the confidence interval, the data do not provide strong evidence of a
difference. It does not prove equality.

c) Scenario: small sample sizes = wide Cl including 0, even though true proportions differ slightly
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. Sampling Distribution — ¥ 5%

. Sample Proportion — 4= Lt {7l

. Difference of Proportions — [E{fl &

. Population Proportion — &%t

. Mean of Sampling Distribution — 5 HHNTE
. Standard Error (SE) — #5/HiR

. Approximate Normality — iT{LlIEZ5 &

. Central Limit Theorem (CLT) — R IEETE

. Independence Condition — 3037 &1

. Success/|Failure Condition — F{Ih/%MEH (hp =10, n(1-p) = 10)
. Large Sample Condition — AHEFEF

. Z-Statistic — Z&FitE

. Confidence Interval — E{5X|g)

. Hypothesis Test — {®igHila

. Pooled Proportion — 53 tE



10.

. Sampling Distribution of p; — P> — The distribution of differences between sample proportions over

many samples.

. Mean of the Distribution — Equal to the difference in population proportions: pis 5 = b — Pa.
. Standard Error (SE) — Measures variability:

SE — ¢pl[1_Pl} N p2(1 — p2)

n) g

. Approximate Normality — With large enough samples, the sampling distribution is nearly normal

(Central Limit Theorem).

. Independence Condition — Samples must be independent.
. Success/Failure Condition — Each group should have at least 10 successes and 10 failures (np = 10,

n(1-p) =10).

. Confidence Intervals — Use the sampling distribution to estimate p; — p, with a range of plausible

values.

. Hypothesis Tests — Use the distribution to test if p; = p» or another specified difference.
. Pooled vs Unpooled — For hypothesis testing under Hy : p; = ps, a pooled proportion is used to

calculate SE.
Interpretation in Context — Always relate statistical results back to the real-world scenario.



A university wants to compare the proportion of students who prefer online classes between two
departments.

+ Department A: 75 out of 120 students prefer online classes
+ Department B: 60 out of 100 students prefer online classes

Let p 4 and Py represent the sample proportions.

a) Calculate p4, pg, and Py — Pg.

b) Check whether the conditions for using a normal model for P4 — P p are satisfied.

c) Construct a 95% confidence interval for p4 — pg.

d) Interpret your interval in context.

e) Based on the interval, is there convincing evidence that the proportions differ? Explain.

f) If the sample sizes were smaller (e.g., 12 and 10 students), explain how this would affect the validity of
the interval.



a) pa = 0.625, pg = 0.60,p4 — py = 0.025

b) Conditions satisfied (independence + success/failure = 10)

c) 95% CI: -0.104 to 0.154

d) We are 95% confident the true difference is between -10.4% and 15.4%

e) No convincing evidence of a difference (Cl includes 0)

f) Smaller sample sizes = normal approximation may not hold; interval may be invalid



True or False

* Using small, non-independent samples can lead to misleading
conclusions for the difference of proportions.

True



True or False

* When using a pooled proportion for a hypothesis test, the
standard error may be smaller than the standard error for a
confidence interval.

True



True or False

. The normal approximation for §; — o is valid even if cne sample has 8 successes and 12 failures,

False



SF — pi(l—p1)  p2(1 — p2)

1. Define sample proportions:

. X1 . Xy

= y P2 =
Where X; ~ Binomial(ny,p;), Xo ~ Binomial(n,, p;).
2. Variance of a sample proportion:

. X 1 1 (1— )
Var(p) = Var (E) = EVM{X} = E(n (1-— )) = "
So:
1 1-
Var(p) = L= =) sy mal= )
ny ng

3. Variance of the difference of independent variables:

Var(p, — p;) = Var(p,) + Var(p;) because the samples are

4. Combine formulas:

Var(p, — ps) = p1(1—p1) n (1 — p2)




Step 1: Define sample proportions

For independent samples:

Where X; ~ Binomial(n;,p1), Xz ~ Binomial(na, p2).

Step 2: Recall variance of a sample proportion

For a binomial variable:

X

Var(p) = Var (E) - %VM{I} - T:—E{np{l —p)) = P“; P)

So:

Var(p) = P—Jfln:jh]" Var(f,) = p:_{ln; P)

Step 3: Variance of the difference of independent variables

If two random variables are independent:
Var(p, — pz) = Var(p,) + Var(p:)

« This works because independence = covariance = 0,

Step 4: Combine the formulas

pil—m)  pa(l—p)

n g

vﬂ-'i"{ﬁ] —_ ﬁgj =
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