Reszearchera are examining the relationship between howrs of sleep and athletic performance among
collage sthlates. Athlatic performance will be measured on & numernc scale, with greater numbers
indicating better performance. The researchers expect that the more hours the athletes sleep, the batter

they will perform. Assuming all conditions for inference are met, the researchers will create a 95 percent

confidence interval for the slope of the regreasion line for predicting athletic performance from amount of
sleep.

Forwhich of the following would the confidence interval support the researchers’ expectations?

i "

@ The confidence interval includes only positive values. @-
b, A
- ™

The confidence interval includes only negative values. -{E}
b, A
i !

The confidence interval has a width less than 1. -{E}

@ The confidence interval has a width greater than 1. -{E}

The confidence interval includes the value (). -@-




Confidence Interval EEEE

Population Parameter =18 5.8
Point Estimate afdit
Margin of Error REEE
Confidence Level H{EKTF
Standard Error iR
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Sample Statistic HEsiTE
Precision WRE

Variability TR



Confidence Intervals — Basic Review: Key Points

1. Purpose - A confidence interval estimates an unknown population parameter using sample data.
2. General form:

Point Estimate &+ Margin of Error

3. Puoint estimate - The sample statistic used to estimate the population parameter.
= I estimates p
» pestimates p

4. Margin of Error (ME) - Measures how much uncertainty there is in the estimate.

ME = (eritical value)(standard error)

5. Confidence level - Commaon levels are 90%, 95%, and 99%.

6. Correct interpretation - A 95% confidence interval means that if we repeatedly took random
samples and constructed intervals in the same way, about 95% of those intervals would contain
the true population parameter.

7. Higher confidence < wider interval.

«  99% Cl = wider
= 95% Cl| = medium
»  90% Cl| = narrower

8. Larger sample size < smaller standard error < narrower confidence interval.

9. More variability < larger standard error @ wider confidence interval.

10. Conditions matter - Before constructing a confidence interval, check the appropriate conditions,
such as randomness, independence, and the relevant distribution/large-sample condition.



Question: Estimating a Population Mean

A random sample of 36 students is selected from a school. The students' mean daily study time is 2.8
hours, with a sample standard deviation of 1.2 hours.

A 95% confidence interval for the population mean study time is constructed.
(a) |dentify the population parameter being estimated.

(b) Identify the point estimate.

(c) Calculate the standard error of the sample mean.

(d) Using t* = 2.03, calculate the margin of error.

(e) Construct the 95% confidence interval.

(f) Interpret the confidence interval in context.



(a) u = true mean daily study time for all students.

(b) £ = 2.8 hours.

(c)

5 1.2
SE=— = = .20
Vv /36

(d)
ME = t*(SE) = 2.03(0.20) = 0.406
(e)
2.8 + 0.406

(2.394, 3.206)

(f) We are 95% confident that the true mean daily study time for all students is between 2.394 and
2.206 hours.



. Purpose: A confidence interval for the slope (3,) estimates the range of plausible values for the true
relationship between x and y.

. Check conditions: Linearity, nearly normal residuals, constant variability (homoscedasticity), and
independent observations.

. Calculate the standard error: SE}, =

\/Z{-::,—a‘:]“' where s is the standard deviation of residuals.
. Construct the interval: by £ t* - SE}, , where b, is the sample slope and ¢* comes from ¢-
distribution with n — 2 degrees of freedom.

. Interpret in context: We are (e.g., 95%) confident that the true slope falls within this interval,

meaning the estimated effect of & on y is likely within this range.



Scatterplot — & 5 [E
Association [ relationship — Bt | < %

Positive association — [F{Ex

Negative association — i3

Outlier — B&f 5



A researcher is studying the relationship between hours of exercise per week (x) and resting heart rate

(v). A random sample of 25 adults is taken, and the least-squares regression line is calculated:
y = T0 — 0.8z
The standard error of the slope is SE;, = 0.3.

a. Construct a 95% confidence interval for the population slope (B.).

b. Interpret the interval in context.



df = 23, t* = 2.069
ME = 0.621
Cl=-0.8 + 0.621 > (-1.42, -0.18)

Interpretation: Each extra hour of exercise lowers resting heart rate by 0.18-1.42 bpm



Q6. Harder Calculation (Inference Insight)

A dataset produces:

e b= —1.8
« SE,=0.5
s n =20

Without using a table, determine:

* Whether 0 is likely in the 95% CI
* Whether the slope is significantly different from 0

(Use t* == 2 for estimation)

Q7. Stretch (Deep Understanding)

Two models are built:

Model Slope
A 3.0
B 3.0

Which model gives a narrower confidence interval and why?

What does this imply about the data?

SE of slope

0.2

1.0



Q6:
Approx CI:

~1.8+2(0.5) = —1.8 + 1.0
(—2.8, —0.8)

« (isnotininterval

+ Slope is significantly negative

Q7:

« Model A has narrower Cl (smaller SE)
+« Implies:

* Less variability

« Stronger linear relationship

* More precise estimate



Inference for Linear Regression

. Slope (B) — Fi=E

Least Squares Regression Line — i/ _3ER]/HE &
Residual — =

. Standard Error of the Slope — §1FEAIREiR
Confidence Interval (for slope) — F4EERE{SE (G

o B oW NS




L

. Slope 3 - True population slope; measures linear relationship.

Sampling variability — Sample slope b varies; measured by SE,,.
t-inference - Use t-test (£t = b/SE;,df = n — 2) since & unknown.
Cl & hypothesis test link — 0 in Cl = not significant; O outside Cl = significant.

Conditions (LINER) - Linearity, Independence, Normality, Equal variance.



A researcher studies the relationship between the number of hours students study per week (x) and their

exam scores (y). A sample of 15 students produces the least-squares regression line:
i = 50 + bz
The standard error of the slope is SE;, = 1.8,
(a) Construct a 95% confidence interval for the slope of the population regression line.
(b) Interpret the confidence interval in context.

(¢) Using the confidence interval, test at the 5% significance level whether there is a linear
relationship between study hours and exam scores. State your conclusion.

(d) Explain one condition that must be satisfied for this inference to be valid.



(a) 95% CI for slope:

5 -4 2.160(1.8) ~ (1.11, 8.89)

(b) Interpretation:

Each extra study hour increases exam score by 1.11-8.89 points on average.

(c) Hypothesis test:

0 not in Cl = reject H, = significant positive linear relationship.

(d) Condition:

Linearity (relationship between x and y is approximately linear).



Derivation
The standard error of the slope can be derived from the variability of the residuals and the variability in the
explanatory variable x.
1. The slope of the regression line is
Sy

bl = r—
S'.'I:'

2. The standard error of the regression slope is related to the residual standard deviation:

5

SE, = ——

3. Recall that

Therefore,

4. Hence,
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