Normal Distribution

The weights of apples in a grocery store are approximately normally distributed. The mean weight is 200
grams.

Which of the following is most likely true?

A) Most apples weigh close to 200 grams.
B) Most apples weigh much less than 200 grams.
C) Maost apples weigh much more than 200 grams.

O The weights are evenly spread from very small to very large.

A set of data is perfectly normally distributed. If you pick a value at random, it is most likely to be:

A) Far above the mean
B) Exactly at the mean
C) Close to the mean

D) Far below the mean



Normal Distribution

. Mean (u) - 318 (jun zhi)

Standard deviation (o) — #5EZ (bido zhdn cha)
Symmetric — 3R89 (dui chén de)

Bell-shaped curve - 814k (zhong xing qu xian)
z-score — ff/EDEL (bido zhin fén sha)
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Shape - Bell-shaped, symmetric, unimodal
Center - Mean = median = mode

Spread - Controlled by standard deviation (o)
Empirical Rule (68-95-99.7) - Predicts data within 1, 2, 3 standard deviations

Standardization — Using z-scores to find probabilities



10.

Bell-Shaped Curve - The graph is symmetric and bell-shaped, with the peak at the mean.
Symmetry — The distribution is perfectly symmetric about the mean. The left and right halves are
mirror images.
Mean = Median = Mode - In a normal distribution, these three measures of central tendency are all
aqual.
Defined by Two Parameters — The mean (u) determines the center, and the standard deviation (o)
determines the spread.
Tails Never Touch the Axis — The curve extends infinitely in both directions; extreme values are
possible but rare.
68-95-99.7 Rule -

« ~68% of data falls within 1o of the mean

» ~895% within 2o

» ~899.7% within 30
Probability Interpretation — The area under the curve represents probability. The total area equals 1.
Standard Normal Distribution - A normal distribution with p = 0 and o = 1 is called the standard
normal distribution.
Z-Scores Measure Relative Position - A z-score tells how many standard deviations a value is from
the mean.
Many Real-World Phenomena - Heights, weights, test scores, and measurement errors often
approximate a normal distribution.



/ score

1. Definition: A z-score tells how many standard deviations a value is from the mean.
2. Interpretation:

» Positive z-score: value is above the mean

= Megative z-score: value is below the mean

= z=0:value is exactly at the mean
3. Formula:

value — mean

z = —
standard deviation

(Shows relative position compared to the average and spread.)

4. Purpose:
» Standardizes values from different distributions
= Helps compare scores from different scales
5. Probability Link:
= The z-score corresponds to a point on the standard normal curve, used to find probabilities.



The normal distribution is a continuous probability distribution that can be used to model a vast number of
naturally occurring scenarios. As a result, it is one of the most important probability distributions in statistics.
Examples of natural variables that follow the normal distribution are IQ scores, height and weight. The key
difference between the normal distribution and the distributions you have previously met in Year 1 is that the
normal distribution is continuous, while the others are discrete.

Characteristics A
The normal distribution: X~N(u, 02) —
B |
. has two parameters: the mean, g, and variance . :
. Is symmetrical (mean = median = mode). |
. has a bell-shaped curve with asymptotes at each end. ' -
. has total area under the curve equal to 1. X 7

u has P(X = a) = 0 for any a. This is true for any continuous distribution.

If a variable X follows a normal distribution with mean u and variance 0%, we write X~N (u, o%).
It is often very helpful to sketch the normal curve when solving normal distribution problems.



The heights of adult males in a population are approximately normally distributed with a mean of 70
inches and a standard deviation of 3 inches.

(a) What proportion of adult males are taller than 73 inches?
(b) What proportion of adult males are between 67 inches and 73 inches?
(c) Find the height that corresponds to the 90th percentile.

(d) If a random sample of 36 men is selected, what is the probability that the sample mean height is
greater than /1 inches?



Finding probabilities

= You need to be able to use the normal cumulative distribution function on your calculator to find
probabilities.

You will need to enter a lower and upper bound when using this function, as well as the mean and standard
deviation of the distribution being used.

Example 1: The random variable X~N (30, 2%). Find P(X < 33).

Using the cumulative function on your calculator, we enter our mean as 30 and our standard
deviation as 2. Our upper bound will be 33 and for our lower bound we need to enter a really
small value. Remember that the normal curve is asymptotic at both ends so to find an accurate
approximation for the total area to the left of x = 33 we take our lower bound to be a small
value. Take for example, —500.

= P(X < 33) = 0933 (35.f)




Finding probabilities

= You need to be able to use the normal cumulative distribution function on your calculator to find
probabilities.

You will need to enter a lower and upper bound when using this function, as well as the mean and standard
deviation of the distribution being used.

Example 1: The random variable X~N (30, 2%). Find P(X < 33).




The heights of adult males in a population are approximately normally distributed with a mean of 70
inches and a standard deviation of 3 inches.

(a) What proportion of adult males are taller than 73 inches?
(b) What proportion of adult males are between 67 inches and 73 inches?
(c) Find the height that corresponds to the 90th percentile.

(d) If a random sample of 36 men is selected, what is the probability that the sample mean height is
greater than /1 inches?

(a) z = (73 —70)/3 = 1= P(Z > 1) ~ 0.159

(b) 267 = —1,z;3 =1 = P(—1 < Z < 1) = 0.683

(c) 90th percentile: z = 70 + 1.28(3) = 73.8 inches

(d) Sample mean SE = 3/+/36 = 0.5,z = (71 — 70)/0.5 = 2 = P ~ 0.023

Conclusion: Percentages/probabilities calculated using standard normal distribution.



For a normal distribution with a mean of 50 and
standard deviation of 5 (u =50, o=5):

a) FindP(X<35)="?
b) FindP(X>60)="?
¢) FindP(40<X <55)="?

Normal C.D

Lower . 0 ?
Upper : 35 [p = ‘3553J L
o S

3] 50 -




. You can use the inverse normal function on your calculator to find the value of a such that
P(X <a)=np.

Some problems might require you to instead find the value of a such that P(X > a) = p. Be aware that mos
calculators (e.g. the Casio fx-991ex) will only return the value of a such that P(X < a) = p, so you will need
to use the property P(X > a) = 1 — P(X < a) in such situations. See example 3 for more detail.

Example 2: Given that X~N (30, 2%), find the value of a such that P(X < a) = 0.4.

Example 3: Given that X~N(30, 22), find the value of a such that P(X > a) = 0.22.

-~ 30



. You can use the inverse normal function on your calculator to find the value of a such that
P(X <a)=np.

Some problems might require you to instead find the value of a such that P(X > a) = p. Be aware that mos
calculators (e.g. the Casio fx-991ex) will only return the value of a such that P(X < a) = p, so you will need
to use the property P(X > a) = 1 — P(X < a) in such situations. See example 3 for more detail.

Example 2: Given that X~N (30, 2%), find the value of a such that P(X < a) = 0.4.

Using the inverse normal function with p = 0.4, mean = 30 and standard deviation = 2 gives us

a= 295,
il

Example 3: Given that X~N(30, 22), find the value of a such that P(X > a) = 0.22.
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We first manipulate our expression:

P(X>a)=1-P(X <a) =0.22
~P(X <a) =078

Now using the inverse function with p = 0.78, u = 30 and ¢ = 2 gives us that a = 31.5.



For a normally distributed population with a mean of 50

e and standard deviation of 5 (n = 50, 6=5):
T a) Find P (X < ?) = 0.025
¢ £S5 .
L b) Find P (X > ?) = 0.025
e — ¢) Find P (? < X< ?) = 0.95
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The standard normal distribution

We can use a coding to standardise our data, making it much easier to analyse and work with. For problems
where the mean and/or variance are unknown, it is very useful to code data via the standard normal
distribution.

* The standard normal distribution denoted Z~N(0, 1%), has mean 0 and standard deviation 1.

x_
= If X~N(u, 0%), you can use the coding Z = T;; to convert your variable into a standard normal
variable.

. The notation ®(a) is equivalent to P(Z < a).

Example 4: The random variable X~N (50, 4%). Write P(X = 55) in terms of ®(z) for some value z.



The standard normal distribution

We can use a coding to standardise our data, making it much easier to analyse and work with. For problems
where the mean and/or variance are unknown, it is very useful to code data via the standard normal
distribution.

* The standard normal distribution denoted Z~N(0, 1%), has mean 0 and standard deviation 1.

x_
. If X~N(u, 0%), you can use the coding Z = T'u to convert your variable into a standard normal
variable.

. The notation ®(a) is equivalent to P(Z < a).

Example 4: The random variable X~N (50, 4%). Write P(X = 55) in terms of ®(z) for some value z.
Since the normal distribution is continuous: P(X = 55) = P(X > 55)
P(X >55)=1-P(X <55)

Converting to standard normal:

55 — u 55 — 50
P{X{SS):P(Z:: - ):P(z-cz 7 ):P{Z::LZS}

So P(X =55) =1— P(Z < 1.25) = 1 — ®(1.25)



Finding u and o
You need to be able to use the standard normal distribution to solve problems where you must find the mean

and/or variance. You will be given either one or two probabilities which you must standardise in order to find
the unknown parameters. We will go through two examples; one in which one parameter is missing and the

other where both parameters are missing.

Example 5: The random variable X~N(u, 5%) and P(X < 18) = 0.9032. Find the value of u.



Finding u and o
You need to be able to use the standard normal distribution to solve problems where you must find the mean
and/or variance. You will be given either one or two probabilities which you must standardise in order to find

the unknown parameters. We will go through two examples; one in which one parameter is missing and the
other where both parameters are missing.

Example 5: The random variable X~N(u, 5%) and P(X < 18) = 0.9032. Find the value of u.

We are told that P(X < 18) = 0.9032. Standardising:

P(X <18) = P (z < 13‘”) = 0.9032

5

We can now use the inverse normal function (with g = 0,0 = 1,area = 0.9032) to find the value
of a such that P(X < a) = 0.9032:

The calculator returns a value of a = 1.30

‘35‘” =130= pu=115.



Example 6: The random variable X~N(u, o). Given that P(X < 17) = 0.8159 and P(X < 25) = 0.9970, find
the value of y and o.
Hint: Try sketching the probability curve to help visualise the distribution.



Example 6: The random variable X~N(u, o). Given that P(X < 17) = 0.8159 and P(X < 25) = 0.9970, find
the value of y and o.

Hint: Try sketching the probability curve to help visualise the distribution.

We are told (X < 17) = 0.8159 and P(X < 25) = 0.9970. We standardise both of these cases
separately, following the same method as in example 4:

17—

o
25—

&

=>P(X-=:1T)=P(Z¢:
:P(X{25}=P(Z=:

) = 0.8159
) = 0.9970

Using the inverse normal function for both probabilities, we acquire two equations:

17—

= 0.8998 = 17 — u = 0.89980

25—
o

= 2.748 = 25 — u = 2.7480

We now have two equations with two unknowns, so we can solve for i and o. You could use your
calculator for this part.

Solving givesus u = 13.1 ,0 =433 (3s.f)



Tahle entry for z is the
probability bying helow 7.
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Table A (Continued)
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Table entry for 2 is the
probability lving below
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TRUE or FALSE

* /-scores indicate how many standard deviations a value is from
the mean.



TRUE or FALSE

* /-scores indicate how many standard deviations a value is from
the mean.

TRUE



TRUE or FALSE

* The area under the curve of a normal distribution can be greater
than 1.



TRUE or FALSE

* The area under the curve of a normal distribution can be greater
than 1.

FALSE



TRUE or FALSE

e The 95% of data in a normal distribution falls within two standard
deviations of the mean.



TRUE or FALSE

e The 95% of data in a normal distribution falls within two standard
deviations of the mean.

TRUE



Stretch and Challenge

The heights of a college population are approximately normally distributed with a mean of 1770 cm and a
standard deviation of 10 cm.

Tasks:

1. Basic z-score calculation:
* Find the z-score for a student who is 185 cm tall.
2. Percentile interpretation:
* What percentage of students are shorter than 185 cm?
» What percentage are between 160 cm and 180 cm?
3. Reverse problem (challenge):
+ A scholarship is awarded to the top 5% tallest students. What is the minimum height required?
4. Contextual reasoning (stretch):
* Suppose the university reports only rounded heights in whole numbers.
+ How might this rounding affect your percentile calculations and interpretation?
5. Multi-step synthesis (challenge):
» |f another campus has a normal height distribution with the same mean but a smaller standard
deviation of 5 cm, which campus has more students taller than 185 cm? Explain using z-scores

and reasoning.



1. Z-score for 185 cm:
z = {185 — 1?’[]};’11] = 1.5

2. Percentiles:

* Shorter than 185 cm = 93.3%
* Between 160 cm and 180 cm = 68.3%

3. Top 5% minimum height:
X =170 + 1.645(10) ~ 186.5 cm

4. Effect of rounding:
Rounding to whole numbers causes minor approximation errors, but conclusions stay essentially the

same.
5. Comparing campuses:

e 0=5-2z=3->P(Z>185) = 0.13%
« 0=10-2z=15> P(Z>185) =~ 6.7%

Conclusion: Original campus (larger a) has more students taller than 185 cm.



A pottery artist makes hand-made mugs. For one particular style of mug, the amounts of liquid the mugs
will hold are approximately normally distributed with a mean of 260 mL and a standard deviation of 6 mL.

Which of these is closest to the proportion of mugs that will hold less than 250 mL?
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A pottery artist makes hand-made mugs. For one particular style of mug, the amounts of liquid the mugs
will hold are approximately normally distributed with a mean of 260 mL and a standard deviation of 6 mL.

Which of these is closest to the proportion of mugs that will hold less than 250 mL?

-

® oo
0.05
© o
® oss
® oo

® ® ©® ® &



Central Limit Theorem

Central Limit Theorem
Sampling distribution
Sample mean
Standard error

Approximately normal
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. Distribution of sample means: The CLT states that the distribution of sample means approaches a
normal distribution as sample size increases, regardless of the population's shape.

. Mean of the sampling distribution: The mean of the sample means equals the population mean
Lz = p).

. Standard error: The standard deviation of the sample means is called the standard error (o; =

o /+/n) and decreases as sample size increases.

. Sample size effect: Larger samples produce a sampling distribution that is closer to normal and
less variable.

. Foundation for inference: The CLT allows us to use normal probability methods for confidence

intervals and hypothesis tests on means, even if the population is not normal.



A bottling company fills soda bottles with a mean volume of 500 mL and a standard deviation of 12 mL.

The distribution of individual bottle volumes is slightly right-skewed.

A random sample of 36 bottles is selected.

(a) Describe the shape of the sampling distribution of the sample mean.
(b) Calculate the mean and standard deviation of the sampling distribution of the sample mean.
(c) What is the probability that the sample mean is less than 496 mL?

(d) Explain why it is appropriate to use a normal distribution in this situation.



(a) Approximately normal (by the Central Limit Theorem, since n = 36 = 30)

(b)
Mean: pz = 500

Standard deviation: oz = % = 2

(c)
y — 4955500 — _9

Probability = 0.0228

(d)

Sample size is large (n = 30), so the Central Limit Theorem applies even though the population is

skewed.
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