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2-07 ASYMPTOTES OF RATIONAL FUNCTIONS

In this section, you will:
* Find the domains of rational functions.
* Identify vertical asymptotes.

* Identify horizontal asymptotes.

Reminders

Project Deadline - 9th Jan. Everyone
upload on Jupiter

Complex Number Quiz - 9th Jan




TURN AND TALK

Identify the domain restrictions

Predict whether the graph has vertical asymptotes or holes

Find any x-intercepts




TURN AND TALK

Step 1: Factor

Step 2: Domain restrictions

Step 3: Hole or asymptote

« 1 = ]1:factor cancels = hole

« 1 = (: denominator remains = vertical asymptote

Step 4: z-intercepts




[ SAY YOU SAY

. Rational function - HEEpREY (you I han shu)

. Numerator - 7+ (fen zi)
. Denominator - 778t (fen md)

. Polynomial - I (duo xiang shi)

. Degree of a polynomial - ZINz{ AR (duo xiang shi de ci shu)
. Asymptote — i1 (jian jin xian)



A rational function is a quotient of polynomial functions. It can be written in the form

B N : x)
D(x)

flx)

where N(x) and D(x) are polynomials and D(x) is not the zero polynomial.

The domain of a rational function of x includes all real numbers except x-values
that make the denominator zero. Much of the discussion of rational functions will focus
on the behavior of their graphs near x-values excluded from the domain.
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2-07 ASYMPTOTES OF RATIONA

FUNCTIONS
e Rational Function e Domain:
 Fraction e Denominator # 0
2x+1
o f(x) ==

3x—4
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FUNCTIONS
e Rational Function e Domain:
 Fraction e Denominator # 0
2x+1 4
f(x) - 3 x—4 ) \\
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2-07 ASYMPTOTES OF RATIONA
FUNCTIONS

* Asymptotes describe
behavior of the graph at
the edges

1 2 3 4 5 ¢




* Asymptotes describe
behavior of the graph at

the edges

x=0,y=0

ey
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B _‘_—-—--\-\_\_\\N\;
VERTICAL AND HORIZONTA

ASYMPTOTES

Definitions of Vertical and Horizontal Asymptotes

1. The line x = a is a vertical asymptote of the graph of f when
flx) > o0 or flx) > —o0
as x — a, either from the right or from the left.
2. The line v = b is a horizontal asymptote of the graph of f when
flx) = b

as x — 0 orx — —0o0,
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2-07 ASYMPTOTES OF RATIONA

FUNCTIONS
*Vertical Asymptotes
* Factor and KILL ) = (x=1)(x—3)
(r=1)(x—2)

eSetdenominator=0
and solve for x
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FUNCTIONS
Horizontal Asymptotes .
Jr} —
x—1)(x—2

Find degree of { ) )

numerator (N) and 3

denominator(D) y =

1)N<D,y =0 (x—1)(x—2)

2) If N=D, y = leading

coeff 3 — 3

3)If N>D, No HA YT -1 (x-2)



Vertical and Horizontal Asymptotes
Let f be the rational function

N(x) ax"+a, x"'+---+ax+a,
D) b x"+b _x"'4+---+bx+b,

flx)

where N(x) and D(x) have no common factors.
1. The graph of f has vertical asymptotes at the zeros of D(x).

2. The graph of f has at most one horizontal asymptote determined by
comparing the degrees of N(x) and D(x).

a. When n < m, the graph of f has the line y = 0 (the x-axis) as a
horizontal asymptote.
ﬂfi

b

i

b. When n = m, the graph of f has the line y =
coefficients) as a horizontal asymptote.

¢. When n > m, the graph of f has no horizontal asymptote.

(ratio of the leading



2-07 ASYMPTOTES OF RATIONA

FUNCTIONS

*Find the asymptotes of

Flx) =35

x%—-1
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FUNCTIONS
*Find the asymptotes of x=1lorx=-1
5 2
f(x) — xzx—l F ‘

y=>5
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2 07 ASYMPTOTES OF RATIONAL\
FUNCTIONS

x%—x

'Forf(x) — 2x2+x 1 7v-1 1
a. Find the domain (2x-1)(x+1)

b. Find the removable Holeat (0.5,1/3)
discontinuity VA: x=-1

c. Find the asymptotes u ‘J




2 07 ASYMPTOTES OF RATIONAL\
FUNCTIONS

x2—x

‘FOI‘f(X) — 2x2+x 1
a. Find the domain

b. Find the removable
discontinuity

c. Find the asymptotes
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2-07 ASYMPTOTES OF RATIONA
FUNCTIONS

*Slant Asymptote
It N =D + 1, Divide
and ignore remainder

*Find the asymptotes of
3x%+1

Flx) =2
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2-07 ASYMPTOTES OF RATIONA
FUNCTIONS

*Slant Asymptote *y=3X
It N =D + 1, Divide I\ //
. . V4
and ignore remainder /
*Find the asymptotes of /
3x%+1 EENE i
flx) =3 //;




Figure 2.26

Slant Asymptotes

Consider a rational function whose denominator is of degree 1 or greater. If the degree
of the numerator is exactly one more than the degree of the denominator, then the graph
of the function has a slant (or oblique) asymptote. For example, the graph of

X —x
x+ 1

has a slant asymptote, as shown in Figure 2.26. To find the equation of a slant
asymptote, use long division. For example, by dividing x + 1 into x*> — x, you obtain

X —x 2
— — J— _I_ .
f[x] x + 1 x—12 x+ 1

\_.\_,_p‘
Slant asymptote

(y=x—2)




SLANT OR HORIZONTAL ASYMPTOTE

1. f(i) . 2r° +:4—5

Does the function have a horizontal asymptote or slant asymptote? |

SLANT
_ 5r'4+2z-1
2. g(z) = 3z +Tz+2
Does the function have a horizontal asymptote or slant asymptote? |
HA
L 1‘3+31:+1
3. h(z) = =75 SLANT

Does the function have a horizontal asymptote or slant asymptote? |



Guidelines for Graphing Rational Functions

Let f(x) =

N(x)
D(x)

where N(x) and D(x) are polynomials and D(x) is not the zero

polynomial.

1.

Simplify f, if possible. List any restrictions on the domain of f that are not
implied by the simplified function.

Find and plot the y-intercept (if any) by evaluating f(0).

Find the zeros of the numerator (if any). Then plot the corresponding
x-intercepts.

Find the zeros of the denominator (if any). Then sketch the corresponding
vertical asymptotes.

Find and sketch the horizontal asymptote (if any) by using the rule for
finding the horizontal asymptote of a rational function on page 168.

Plot at least one point between and one point beyond each x-intercept and
vertical asymptote.

Use smooth curves to complete the graph between and beyond the vertical
asymptotes.

——
—



2-08 GRAPHS OF RATIONAL FUNCTIONS

In this section, you will:
* Find the intercepts of rational functions.
* Graph rational functions.

e Solve applied problems involving rational functions.




-08 GRAPHS OF RATIONAL FUNCTIONS

*Intercepts *Find the intercepts of
ex-int:lety =0 _ 3x°-1
y fla) =2

(T“)(—T“)

sy-int: letx =0

none



GRAPHS OF RATIONAL FUNCTIONS

*To graph rational
functions

1. Find asymptotes

2. Find x -intercept
and y-intercept



3X

e Graph f(x) =

X24+x-2
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-08 GRAPHS OF RATIONAL FUNCTIONS

3X
xX%+x-2

e Graph f(x) =




-08 GRAPHS OF RATIONAL FUNCTIONS

e Sketch the function

2(x—1)
Y= =2)(x+1)
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-08 GRAPHS OF RATIONAL FUNCTIONS

e Find the function \\4 |\
X — \
Y = {:{z]{ﬂl] SN P n\“‘
\\




* The domain of a rational function includes all
real numbers.



* The domain of a rational function includes all
real numbers.

FALSE



TRUE OR FALSE

e If a factor cancels between the numerator and
denominator, the graph has a hole.



TRUE OR FALSE

e If a factor cancels between the numerator and
denominator, the graph has a hole.

TRUE



*Vertical asymptotes occur where the
numerator equals zero.



*Vertical asymptotes occur where the
numerator equals zero.

FALSE



Rational Functions - Worksheet
x2 -1
x—2

Answer the following questions carefully. Show all necessary working where appropriate.

Consider the rational function: h(x) =

#Vertical Asymptote

(a) Find the vertical asymptote(s) of the function.

# Horizontal / Slant Asymptote
(a) Determine whether the function has a horizontal or slant (oblique) asymptote.
(b) Write the equation of the asymptote.

Slant




Rational Functions - Worksheet .
x2 -1 ik

x—2

Answer the following questions carefully. Show all necessary working where appropriate.

Consider the rational function: h(x) =

#Vertical Asymptote
(a) Find the vertical asymptote(s) of the function.

x=2

# Horizontal / Slant Asymptote
(a) Determine whether the function has a horizontal or slant (oblique) asymptote.
(b) Write the equation of the asymptote.

Slant
(x? =2) 2
—~—5 —:-:+E+x_E

y=x+2



- \\\\

# Intercepts
(a) Find the x-intercept(s).

(b) Find the y-intercept.

# Behavior:
(a) As x = 27, describe the behavior of h(x).

(b) As x — 2%, describe the behavior of h(x).




# Intercepts
(a) Find the x-intercept(s).

(1,0)

(b) Find the y-intercept.

(0,0.5)

# Behavior:
(a) As x = 27, describe the behavior of h(x).
h(x) gets smaller

(b) As x — 2%, describe the behavior of h(x).

h(x) gets bigger
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# Behavior Relative to the Slant Asymptote:

a) For large positive values of x, does the graph approach the slant asymptote from above
below?

(b) For large negative values of x, does the graph approach the slant asymptote from abov
or below?

# Sketching the Graph
Using all the information above, sketch a neat and labelled graph of h(x).

(Use the space below)
|
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# Behavior Relative to the Slant Asymptote:
a) For large positive values of x, does the graph approach the slant asymptote from above

below?

Above

(b) For large negative values of x, does the graph approach the slant asymptote from abov
or below?

Below

# Sketching the Graph
Using all the information above, sketch a neat and labelled graph of h(x).

(Use the space below)
|
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