& fair six-sided die will be rolled fifteen times, and the numbers that land face up will be recorded. Let I

represent the average of the numbers that land face up for the first five rolls, and let 7 represent the

average of the numbers landing face up for the remnaining ten rolls. The mean p and variance o of a single

roll are 3.5 and 2.92, respectively. What is the standard deviation oz 5 ) of the sampling distribution of

the difference in sample means ¥, — ¥,7
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Sample Distributions for Sample Means

. Mean - 131 (jun zhi)

Variance - 5% (fang cha)

Standard error — #5/EiZZ (biao zhln wu cha)
Sample size - FAE&E (yang bén rong liang)
Sampling distribution - #fi#£% % (chou yang fen bu)

o AW N

Reminders

Mock: 40 MCQ and 6 FRQ. (Very mixed set of
questions)

Jupiter Quiz due for Monday 16th Monday (3
quick questions)



Sampling Distribution of T

* T is the sample mean used to estimate the population mean p.

* The mean of T equals the population mean: uz = u.

o . a
*» The standard deviationof Ziso; = —.

Vn

* The distribution of T is normal if the population is normal or approximately normal
for large n (CLT).

* [ndependence is required (10% condition when sampling without replacement).



A company wants to estimate the average number of hours employees spend on training per month.

* A random sample of 36 employees is taken, and the sample mean is 12 hours with a standard
deviation of 3 hours.

* Assume the distribution of hours per employee is approximately normal.

(a) Define the parameter of interest.

(b) Identify the sampling distribution of the sample mean. Include its mean and standard error.

(c) Calculate the standard error of the sample mean.

(d) Using the sampling distribution, what is the probability that the sample mean is greater than 13 hours?

(e) State the conditions necessary for using this sampling distribution.



(a) Parameter: u = true mean hours of training per employee.

(b) Sampling distribution: Z ~ N(u, SE = s/+/n)

(c) SE: SE = 3/1/36 = 0.5

(d) Probability # > 13: z = (13 — 12)/0.5 = 2 = P ~ 0.023

(e) Conditions: random sample, independent observations, population normal or n = 30.



Stretch and Challenge

A population has mean g = 70 and standard deviation & = 15. The distribution of the population is
strongly right-skewed.

A researcher repeatedly takes random samples of size n = 100 and records the sample mean .

Questions
a) Describe the shape, center, and spread of the Sampling Distribution of the Sample Mean.

b) Calculate the probability that a sample mean is greater than 73.

c) Suppose the researcher instead takes samples of size n = 25.
Explain how the shape and spread of the sampling distribution would change.

d) In one sample of i = 100, the researcher observes £ = T6.
Determine whether this result would be considered unusual and justify your answer.

e) Explain why it is valid to use a normal model to answer parts (b) and (d), even though the population
distribution is strongly skewed. Your explanation should reference the Central Limit Theorem.




a) Shape, Center, Spread

For the Sampling Distribution of the Sample Mean:

»  Shape: Approximately normal (large n = 100) by the Central Limit Theorem

» Canter: iz = T0

«  Spread: o; = ﬁ = 1.5
b) P(£ > 73)
.- 73 —.'TII] _ 9
1.5
P(Z = 2) =0.0228
c)lin =25

s Shape: less normal (smaller sampla)
. Spread:g; = 2 =3
» More variability

d) Is £ = T6 unusual?

Probability = 0.00003

Yes — extremaly unusual.

@) Why normal model works

Because the Central Limit Theorem states that for large samples, the distribution of the Sample Mean is

approximately normal even if the population is skewed.



Distribution of Difference in Sample Means

. Sampling distribution - %44
. Difference of sample means r;}_u' 1 — X 2) = PEEHE

. Standard error (SE) - #EEE
. Independent samples - B ITiE=E

. Central Limit Theorem (CLT) - chu( &[0 F 18

n & W kK =



1. Mean of the sampling distribution:
i, -%, = H1— Ha2
The expected value of the difference in sample means equals the difference of population means.

2. Standard error (spread):

ﬂi 2
e —=J T
1 L]

Measures variability of the difference between sample means.
3. Shape of distribution:
» Normal if populations are normal.
« Approximately normal if ny and ns are large (CLT applies).
4. Independence matters:
The formula assumes samples are independent. Paired samples reguire a different approach.

5. Using z-scores for probability:
_ (B — %) — (1 — )

g%

Z

Allows calculation of probabilities for differences in sample means.



A researcher wants to compare the average test scores of two different teaching methods.
« Population 1 [Method A): 4y = T8, = 10
« Population 2 (Method B): s = 72,02 = 12

Random samples are taken: ny, = 36 students for Method A and n. = 49 students for Method B.
Questions

a) Find the mean and standard error of the sampling distribution of X 1 — fg-

b) Calculate the probability that the sample mean difference is greater than 10,

c) Suppose a sample difference of 15 is observed. Determine if this is unusual, and justify your answaer.

d) Explain why it is valid to use a normal model to calculate probabilities even if the populations are not
perfectly normal.



/. Pooled vs. Unpooled Variance

When performing hypothesis tests or constructing confidence intervals, the approach to estimating
variance depends on whether the population variances are assumed to be equal:

Pooled Variance: Assumes of = o3. The pooled variance (s?) is calculated as:

o (ng=1)s% + (np - 1)s%
2=

]
ﬂ1+ﬂg—2

This pooled estimate is used in the standard error calculation for the test statistic.
Unpooled Variance: Does not assume equal variances. The standard error is calculated

separately for each sample, as shown earlier.



Pooled or Unpooled

* Two independent random samples are taken from two
populations. Both populations are known to have equal
variances, but the sample sizes are different.

Pooled



Pooled or Unpooled

* Two samples are taken from populations with very different
sample standard deviations, and equality of variances is
questionable.

Unpooled



Pooled or Unpooled

* Aresearcher compares the mean test scores of two teaching
methods. Previous studies show the population variances are
approximately equal.

Pooled



Pooled or Unpooled

THEIR RESULTS, COMPARED WITH CHAMELEON'S

CHAMELEON
)
| $150
2 $400
3 $7120
4 $500
5 | 0
n, | 9
Z, | $540
v 7 : $299




Pooled or Unpooled

Unpooled

[ HERE'S AN GXAMPLE THAT SHOWS THE

PITFALLS OF MINDLESSLY FOLLOWING 'M A

MILEAGE USING 645 A AND 645 K.

THE COOKBOOK: A LARGE TAX! FLEET uﬁﬁs“orum
R WANT :
OWNER WANTS TO COMPARE THE 6AS é‘ 3 i

STARTING WITH 100 CABS. HE RANDOMLY AS5I6NS 50 TO EACH GASOLINE, AN
AFTER A DAY'S DRIVING, PETERMINES

SANMFLE MEAN STANDARD
SIZE MILEAGE DEVIATION

50 25 So0
50 % A00

= >




py = T8,y = 1l,ny = 36; pz = 72,02 = 12, n; = 49

a) Mean & SE
BE %, = T8—T2=08

a3, _x, = +/100/36 + 144/49 = 2.39

b) P(X, — X, > 10)

10 — &

c) Is 15 unusual?

=377 = P =0.00008

Yas, very unusual.

d) Why normal model valid

« Large samples (n1 = 36, na = 49)
« By Central Limit Theorem, sampling distribution = normal even if populations are skewed



AP Exam Question - Pooled Variance

A researcher wants to compare the mean test scores of two classes that were taught using different

mathods.

Data:

Class Sample Size Sample Mean Sample Standard Deviation
A 20 85 5

B 25 80 [

Assume both populations have equal variances.
Questions:

a) Calculate the pooled variance sﬁ.

b) Calculate the standard arror of J:"d — .'-Ei_fﬁ.

c) Find the t-statistic to test whether Class A has a higher mean score than Class B.

d) Determine the degrees of freedom for this test.

@) Using a 0.05 significance level, decide whether the difference is statistically significant.



Given

"y = 2D,jﬂ_ = E-E,,S_q_ -

a) Pooled variance

g (na—1)si+(ns —1)s}  19(25) +24(36) _ 475+ 864 _ 1339

5;

1‘1-3_25,;.;:3 _S{I,S‘H =6

= 31.14

B ny+ng—2

b) Standard error (SE)

43 43 43

1 1 1 1
SE=4/8&| —+—|=431.14( —
\/ g (ﬂA ﬂﬂ) ‘\/ (2'3 N

c) t-statistic

25

Xi—Xp _

) = /31.14(0.05 + 0.04) = +/31.14 - 0.09 = v2.5026 = 1.673

SE

d) Degrees of freedom

85 — 80
1.673

df =ns+ng—2=20+25—2=43

e) Significance at o« = 0.05
«  Critical i g5 43 = 1.681 jone-tailed)
« =200 1.68]1 = Reject H;

Conclusion: Class A has a significantly higher mean score than Class B.



TRUE or FALSE

The formula for the standard error of X 1 — J_fg assumes the two samples are independent.

TRUE



TRUE or FALSE

If the populations are highly skewed, the sampling distribution of X ] — i"g can still be
approximately normal if the sample sizes are large.

TRUE



TRUE or FALSE

Increasing one sample size while keeping the other fixed always decreases the standard error by
the same amount.

FALSE
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