Question 1 (Algebraic manipulation)

Solve:

22> —5r —3 =10

Question 2 (Hidden quadratic)

Solve:

z* —hx+4=10

Question 3 (Parameter + roots condition)

Find all values of k such that the equation has equal roots:

> +kx+9=0



Answers

1. ¢ = 3, —%
2. =41, £2
3. k=46




Sum and Roots of Polynomials

Core Vocabulary

s Roots (solutions) (I8 | §8)
« Polynomial (ZMz)
» Quadratic (Z8 _REE)
» Cubic (IZFZmz)

Vieta's Relationships

« Sumofroots (ifZH)

+ Product of roots (#£2Z2%)

» Coefficient (F#)

» Leading coefficient (BINREE)



The Roots of Polynomials

Objective: To be able to derive and use the relationships between the roots of a quadratic
equation

To be able to derive and use the relationships between the roots of a cubic
equation

To be able to derive and use the relationships between the roots of a quartic
equation

To be able to evaluate expressions relating to the roots of polynomials

To be able to find the equation of a polynomial whose roots are a linear
transformation of the roots of a given polynomial



Quadratic Equati

f(x) =ax?+bx +c
Roots: Solve f(x) =0 = ax?+bx+c=0

There will be two roots... |
* Two distinct real roots; a and 8 \ a>0 / e

f (x) has two factors; (x — a) and (x — )

= ax’+bx+c=alx—a)(x—p) =0

* One repeated real root; a
f (x) has a repeated factor; (x — a)

YO a<0
= ax’+bx+c=alx—a)*=0 | |

/N




* A pair of complex conjugate roots; a = p +igand f =p — iq

a>0 / a<o

f(x) has a factors [x — (p + iq)] and [x — (p — iq)]

ab,c €R
= ax’+bx+c=alx—(p+ig)][x—(p—ig)] =0 x €EC



T istinct real r : n
f (x) has two factors; (x — a) and (x — 8)

5 5 b C
ax“+bx+c =alx“+—x+—
a a

=al(x —a)(x — )]

= al[x? — Bx — ax + af]

=al[x? — (a + B)x + apf]

=a [xz — (2 a) x + (_[ a)] Z — theSumot®
1 Sigma

oY “(a+p) = b H —  “The Product of ¢
Z’ Pi
C
= a+pf="— and af = . Standard results that can be quoted 1in exams.
a



Examplﬂ f(x)=ax?*+bx+c; a,b,andc € Z, hasrootsa=%and,8=‘§

Determine the values of a, b and ¢

Alternatively...
b _ (3, -2 ‘- ap=3x-Z b |
a_ @+B)="{7+"% a 47 5 ax2+bx+CEa[x2+—x+— =0
6 a aj
(15 8 _ -5 _
= (%_2_0> 2 ~a 3 -9 _+a
7 T\ )| T
20 ><43 ><-|_52 _><5
XT3\ T5) T
f(x) =a x2+éx+E =0 = 20[2 -7 - & =0
o Tal T T (4x —3)(5x +2) =0
2 —
20x2—7x—6=0 20x +8X_15X_6—0

20x° = 7x—6=0
S a=20 b="7 c= "6



EX&IIID.].Q: f(x) =3x% —x —4 hasroots « and 8

Without solving the equation, find the values of:
1 . A |
L. a+p ii. af . —+
L. &11. f(x)=3x2—x—4

=3[x2—lx—f] = a+,8=_<_1> = a+,8=l
3 3 3

3
1 1 a
e E+E=a£ﬁ+@ iv. @ +p2= a’+f(+2ap - 2af)
= (a? + 2ap + p?) — 2ap
_2th = (a + B)* — 2ap
af ,
(1 -
% -~ \3 3
- 4 _1,8
3 ~973
1 _1+24
4 9 9
25

v. a*+ B*



Cubic F i
fx) =ax3+bx?*+cx+d
Roots: Solve f(x) =0 = ax3+bx’+cx+d=0

There will be three roots...
* Three distinct real roots; a, f and y

f(x) has factors (x — a), (x — ) and (x — y)
= ax3+bx*+cx+d=alx—a)(x—B)(x—y) =0

* Arepeated real root, a, and a second real root 3
f(x) has factors (x — a),(x — a) and (x — B)
= ax3+bx’+cx+d=alx—a)’(x—p) =0
* One repeated real root; o
f(x) has factors (x — a),(x — a) and (x — a)

= ax+bx’+cx+d=alx—a)>=0

a>0




* One real root, a, and a complex conjugate complex pair, B =p +igandy =p — iq

f(x) has factors (x — a),|x — (p + ig)],and [x — (p — iq)]
= ax3+bx’+cx+d=alx—a)[x—(p+ig)][x—(p—ig)] =0

a>0




Thr istinct real roots:

f (x) has three factors; (x — a), (x — B) and(x — y)

3 2 3 b 2, © d
ax®> +bx +cx+d =alx°+—x“+—x+—
a a a

= al(x —a)(x — B)(x —v)]

= a[(x? — Bx —ax + aB)(x — )]

al(x? — (e + B)x + ap)(x — y)]

= a[x® — (a + B)x? + afx —yx? + y(a + B)x — afy]
= a[x® —(a + B +y)x* + (aB + ay + By)x — afy]

ax® +bx? +cx+d = a_x3—<2a>x2+<2aﬁ>x—<l_[a>]

b b c d
‘(a-l—,B"‘V):a = a+lg+y:—a aﬁ+ay+,8y=a —al[gy:E = qfy =




Examp]_e; f(x) =2x3+5x?—-3x—7 hasrootsa, fandy

Without solving the equation, find the values of:

I a+B+y i af+ay+pBy il afy v %+—+% v. a’+p%+vy?
1., 11. and 111 f(x) =2x3+5x*>—-3x—7
= 7 3+5 2+_3 v
S\t T T
. _5 -3 _ 7 7
oe tf+y= 5 aﬁ+ay+,8y=7 afy = — = al[;y:E
1 1 1 +ay +«a
iv. —+—+—=ﬁy v+ ap v. a2+ B2 +yi=(@+B+y):—[aB+y)+pa+y)+y(a+p)]
a p vy afy
_af +ay+ By =(a+B+y)*—2(af+ay+pBy)
B afy 5 ’ ~3 \
-3 \ — 2] = 2 9 Quotable
2 Quotable 75 Result
-7 Result =— 43
P 4
_ -3 37
7 4



Example: Find a cubic equation with integer coefficients which has roots 2 + 3i and 5
(and a third root that 1s to be determined)

If 2 + 3i 1s aroot, thenso 1s 2 — 3i

Leta=2+3i,=2—3iandy =5

a+B+y=Q2+3)+2-30)+5 af +ay + By =2 +30)(2—3i) +5(2+ 3i) +5(2 — 3i)
=9 —4—6i+6i+9+10+15i + 10 — 15i
afy =502 + 3i)(2 — 3i) =4—6i+6i+9+10+ 15i+ 10 — 15i
=5(4 — 60+ 6i +9) _ 33
=5x%x13
= 65

alx3 —(a+pB+y)x?*+ (af + ay + By)x —afy] =0
a(x® —9x% 4+ 33x—65) =0

Leta=1 = x3—9x°4+33x—65=0



Alternative Solution

Example: Find a cubic equation with integer coefficients which has roots 2 + 3i and 5
(and a third root that 1s to be determined)

If 2 + 3i 1s aroot, then so1s 2 — 3i

f(x) =[x—(2+3)][x—-(2-3)](x—5)
=[x?—-2-3Dx—2+3Dx+(2+3)2-3)](x—-5)

= [x* —4x+ 4 — 6i+ 60+ 9](x — 5)

(x?> —4x + 13)(x — 5)

= x3 —4x% + 13x — 5x2% 4+ 20x — 65
= x3 —9x% +33x — 65

x® —9x? 4+ 33x — 65 = 0 is a cubic equation with integer coefficients which has roots 2 + 3i,2 — 3i and 5



0 e i
f(x) =ax*+ b3 +cx’x+dx+e
Roots: Solve f(x) =0 = ax*+bx3+cx’x+dx+e=0

There will be four roots...

\ a>0
* Four distinct real roots; «, 5,y and & 1 v T
f(x) has factors (x — a), (x — 8),(x —y) and (x — §)
= ax*+bx3+cx’x+dx+e=alx—a)(x—B)(x—y)(x—6)
a>0

 Areal root, a, repeated twice, and two other real roots; [ and y |
f(x) has factors (x — a),(x — a),(x — B)and (x — y)

=  ax*+bxP+cex*x+dx+e=alx—a)’(x—B)(x—7y) \/\/\/ h




Two distinct real roots, a and [, each repeated twice
f (x) has factors (x — a),(x — a), (x — f)and (x — )

= ax*+bx3+cx’x+dx+e= alx—a)’(x—p)? =0

A real root, a, repeated three times, and another real root,
f (x) has factors (x — a),(x — a),(x —a)and (x — )

= ax*+bx3+cx?x+dx+e=alx—a)’(x—) =0

A real root, a, repeated four times.
f(x) has factors (x —a),(x — a),(x — @) and (x — a)
= ax*+bx3+cx’x+dx+e=alx—a)*=0

K.L-
/ \
N

a>0

/a>0

fa n

a>0




Two distinct real roots, @ and 5, and a pair of complex conjugate
roots;y =p+igandd = p — iq

f(x) has factors (x —a), (x —B), [x —(p+ig)],[x — (p —iq)]
ax* +bx3 +cxtx+dx+e=alx—a)(x—Bx—(+ig]lx—(p —ig)] =

A real root, a, repeated twice, and a pair of complex conjugate
roots; f = p +iqgandy = pa — iq
ax* +bx3 +cxlx+dx+e=alx—a)[x—(p+ig)llx—(p—ig)] =0

Two pairs of complex conjugate roots;
a=p+iqg,f=p—iqg,y=r+isand 6 =r —is
f) =alx—(@+ipllx—@—-ipllx - +idllx - —-is)] =0

|

¥

\ja>0

i nY

J



Four distinct real roots; a, .y and §
f(x) = ax* + bx3 + cx? + dx + e has four factors (x — @), (x — B),(x —y) and (x — 6)

s b, c o d e
= f(x) =alx*+—x+—x“+—x+—
a a a a

= al(x—a)(x —B)(x —y)(x —6)]
a[(x® — (a + B)x? + afx —yx* + y(a + f)x — afy)(x — 6)]

[ x*—(a+ B)x3 + afx? —yx3 +y(a + B)x* — aBfyx ]
sk (a + B)6x* — aféx + yox* —yS(a + B)x + aByd

_ alx4—(a+,3+)/+5)x3 +(a,8+ay+a5+,8y+36+y5)x2]
B —(aBy + affé + ayd + Byd)x + afyd

o :alx4_<za)xs+(zaﬁ)x2—(Z‘W)“(ﬂ“)]

af +ay +ad + Ly + o6 +yo =

Y-

a+pf+y+o="

Ya--

afyd =

[ [«=

afy + afd + ayd + fyd = ~

zaﬁy=‘

Q|9 | >
Qla Qla
Q| &
Qlao Qlo



Example: The equation x* + 2x3 + px? + gx —60=0,x € C,p & q € R,
has roots a;, 5, v, 0.
Giventhaty = "2+ 4iand 6 =y~

a) Showthata+f —2=0andthataff +3 =0
b) Hence find all the roots of the quartic equation and find the values of p and ¢

a) §=y* = 6= "2-—4i

b
Za= T a+pf+y+5="

a+B+ 2+4i+ 2—4i= "2

1 N

C(-I-,B—Z:O QED

afys =—- = af(~2+40)(~2—4i) = ~60
af(4+16) = ~60
af = ~3

ap+3=0 QED



b) Hence find all the roots of the quartic equation and find the values of p and ¢

a+f—-2=0 = a*+af—-2a=0 24 3 2n =0
— « —2a =

af+3=0 = aff = ~3 a’—2a—3=0
(a—3)(a+1)=0
a= "1 = “"1+48-2=0 s a="lLa=3
p=3
a =3 = 3+ —2=0
g=-1
x* 4+ 2x3 +px?+qx—60=0 a="1 y= "2+4i
=3 0= "2—4i
- Y- S
p=af +ay+ad+ By + L6 +yb q =~ (afy + afé + ady + Byd)
= 3+R2—-4)+@2+4i)+3("2+40) ="(6—-12i+ 6+ 12i — 20 + 60)
+3(72—4i) + (~2 + 4i)( 2 — 4i) _ -5y
= "34+4-12+ 20

=9



Useful Algebraic Forms

|

_|_

_|_

afy

RIF RIF |k
_I_

_|_
N = RN R -

_|_

Lap
[«

afyd

ByS + ayd +aBfd+afy  Xapy
= T«

Products of Powers

a x B = (ap)™

a X X y™ = (afy)”

a X BPX y"X 8™ = (afys)"



The Sums of Squares
(a+p)?

a’ + 2af + B2

— a’+ p?= (a+L)? —2ap
2

Y

(a+ B +y)°

— a’ + f? + y?

() ~2Yas

a’+ % +v%+2(af + ay + By)

(a+B+7y)*—2(aB +ay + By)

(Sa) 23

(a+B+y+6)°—2(af +ay +ab + By + BS +y5)

OEXT,



The Sums of Cubes
(a +B)3 = a3+ 3a?p + 3ap? + p3
= a®+ B3 = (a+ B)> — (Ba?p + 3aB?)
a>+ B3 = (a+ B)3 —3apf(a+ )
Ya’=Ra) -3[laYa

(@+B+y)=a’+3a?(B+y)+3a(B+y)>+(B+y)°

— = a3 +3a(B+y)(a+ B +7y) +B3+3B% +3By%+vy3
=a® +° +y* +3a(B +y)(a+ B +v) +36v(B +7)
=a® +8° +y3+3(B +1)(af +ay + fy) +3a® (B +V)
=a’+B83+y3+3(a+ B +y)(aB +ay + By) +3a*(B +y) —3alaB + ay + By)
=a’+B° +y? +3(a+ B +y)(af +ay + By) +3a*(B +y) —3a*(B +vy) — 3afy
=a’+p3+y3+3(a+ B +y)(af + ay + By) — 3afy

= a+p2+y =(@+pB+y)-3@+p+y)(ap + ay+ By) +3aBy

Yal=Qa)d —-3Yadaf +3]]a



Li T : ’ f Roof

Given the sums and products of the roots of a polynomial, it is possible to find the equation of a second polynomial whose
roots are a linear transformation of the roots of the first.

For example, if the roots of a cubic equation are a, f and y, we can find the equation of a polynomial with roots
(a+2),(+2)and (B + 2), or 3¢, 30 and 3y.

EXﬂm.p_l_e_: The cubic equation x3 — 4x?% + x + 6 = 0 has roots q, f andy.
Find the equations of the polynomials with roots:

L 2a,2f and 2y i a—=28-2y—2
b c d b c d 4 1 6
L f)=alx3+—-x?+—-x+—-|=0 = [x3+—-x?+—x+—|=x34+—x%+=-x+-=0
a a a a a a 1 1 1
_ 1 _6
a+,3+)/=_T=4 af +ay +py=7=1 afy ="7= "6
20+ 28+ 2y =2(a+ B +v) 20 X 2B + 2a X 2y + 2B X 2y = 4(af + ay + By) 2a X 2P X 2y = 8afy
=4 = 48

oo x3 —8x%2 +4x +48 = 0 hasroots 2a, 2f and 2y



x3 —4x% + x + 6 = 0 has roots a, f and y
ii. Forrootsa—2,6—2,andy — 2

a+ f+y =4 af +ay + Ly =1 afy = ~6
(@a-2)+B-2D+F-2)=(a+ p+y)—6

=4—-6

= "2

(a-2)B-2)+(@-2Dy-2)+B-2)y—-2)= af —2a—-2p+4+ay —2a—2y+4+ Py -2 -2y + 4
=af+ay+pBy—4(a+p+y)+12

1—4%x44+12

3

(@a=2)B-2)(y-2)=(af —2a—-2+4)(y —2)
= afy —2ay — 2Py + 4y — 2af + 4a + 45 — 8
=afy —2(ay + By +ap) +4(y +a+p) -8
= "6—2X14+4%x4—-8
=0
o x3— "2x?4+ 3x=0 = x3+2x>—-3x=0 hasrootsa — 2,8 —2,andy — 2



Alternative Solution

EXﬂmp.].QZ The cubic equation x3 — 4x2 + x + 6 = 0 has roots «, § and .
Find the equations of the polynomials with roots:

I 2a, 2 and 2y i a—-2,—-2,y—2

I The roots of the new equation are double the roots of the old equation.

X
This is a stretch, scale factor 2, parallel to the x-axis — f(x) — f (E)

S x3—4x?+x+6=0 — (§)3—4(§)2+§+6:0

x3 x?  x
§_4X:+E+6_O

x3 —8x?% + 4x + 48 = 0 hasroots 2a, 28 and 2y

i The roots of the new equation are two less than the roots of the old equation.

This is a translation, two units left, parallel to the x-axis = f(x) — f(x + 2)
X3 —4x*+x+6=0 — (x+2)P—-4(x+2)2+(x+2)+6=0
=  x7+6x°+12x+8—-4(x*+4x+4) +x+8=0

x342x>-3x=0
S X34 2x%2—-3x=0 hasrootsa — 2,8 — 2,and y — 2
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