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Turn and Talk

Let f(x) = z* with domain z > 0.
a) Find the range of f.

b) Find the domain and range of f‘l.
Let f(z) = /= — 4.

a) Find the domain and range of f.

b) Find the domain and range of f .
1
Let flx) = :
fl@) = —
a) Find the domain and range of f.

b) State the domain and range of f 1.

fz) =

flz)=2%z>0

Domain of f: [0, cc)
Range of f: [0, 00)
Domain of f~1: [0, o)

Range of f: [0, 00)

fl)=vz—4

Domain of f: [4, cc)
Range of f: [0, 00)
Domain of f~1: [0, 00)
Range of f': [4, 00)

1
-2
Domain of f: (—o0,2) U (2, c0)
Range of f: (—o00,0) U (0, c0)
Domain of f1: (—o0,0) U (0, o)
Range of f!: (—00,2) U (2, 00)




Exponential Functions

exponential function — }5ETEREY
base — [

Reminders:
exponent — 2%
P ? * Q2 Gradebook is closed
growth — 381 * Desmos Project is now due 3rd March

decay — Bl

exponential growth — $§#18
exponential decay — {88 = [
initial value — #5818

growth factor — 18K EF

decay factor — EEF
continuous arowth — F&1Z4< 1.



Exponential Functions

For example, if a population starts with {7, individuals and then grows at an annual rate of 2% , Its population after

1 year is
0 -
o) - I

In general, its population after £ years is

Its population after 2 years is




, we graph both y = z* and y = 2% to show how the graphs differ.

y=2

5 F 9

Figure 1.43 Both 2° and ©° approach infinity as = — oo,
but 2° grows more rapidly than ' As T — —m,:! — o0,
whereas 2° — (1.



Bacterial Growth

Suppose a particular population of bacteria is known to double in size every 4 hours. If a culture starts
with 1000 bacteria, the number of bacteria after 4 hours is n(4) = 1000 - 2. The number of bacteria
after 8 hours is n(8) = n(4) - 2 = 1000 - 2°. In general, the number of bacteria after 4m hours is
n{dm) = 1000 - 2™, Letting t = 4m, we see that the number of bacteria after ¢ hours is

n(t) = 1000 - 2%/*, Find the number of bacteria after 6 hours, 10 hours, and 24 hours.

The number of bacteria after 6 hours is given by n (6) = 1000 - 25/1 ~ 2828 bacteria. The number of
bacteria after 10) hours is given by n (10) = 1000 - 2'%* &~ 5657 bacteria. The number of bacteria
after 24 hours is given by n (24) = 1000 - 2% = 64,000 bacteria.



Graphing Exponential Functions

Figure 1.44 If b > 1, then b is increasing on (oo, 00). If
0 < b < 1, then b* is decreasing on (00, 00).



RULE: LAWS OF EXPONENTS

For any constants a > 0, b > 0, and for all x and y,
1. b - b¥ = p* ¥




Using the Laws of Exponents

Use the laws of exponents to simplify each of the following expressions.

(22217

. |I.-'|:|;' lll'3]!
b |:_:|.!'1EI 'I:!E
"z

a. We can simplify as follows:

() PEH)P w2 g o

(4z-13)%  42(z-13)> 16223 2 7

b. We can simplify as follows:

132 2 142
Gt I . ) I e

- & 3
@) et et TR




The number e

money after 1 year is

The amount of money after 2 years is

More generally, the amount after ¢ years is




If the money is compounded 2 times per year, the amount of money after half a year is

The amount of money after 1 year is

After { years, the amount of money in the account is




More generally, if the money is compounded n times per year, the amount of money in the account after £ years is
given by the function

What happens as n — oo’ To answer this question, we let m = ﬂ,-" r and write

T 1000 10,000 100,000 1,000,000
1+ 3" - -- B B .
Table 1.12 Values of 1+ ' as M — 00

Looking at this table, it appears that (1 4+ 1/m)™ is approaching a number between 2.7 and 2.8 as m — oo. In
fact, (1 + 1/m)™ does approach some number as m — oo. We call this number e. To six decimal places of
accuracy,

e == 2.T18282,



Compounding Interest

Suppose $500 is invested in an account at an annual interest rate of r = 5.5 %, compounded

continuously.
a. Let t denote the number of years after the initial investment and A(t) denote the amount of

money in the account at time £. Find a formula for A(t).
b. Find the amount of money in the account after 10 years and after 20 years.

a. If P dollars are invested in an account at an annual interest rate r, compounded continuously,
then A (t) = Pe™. Here P = $500 and r = 0.055. Therefore, A (t) = 500e"%°",
b. After 10 years, the amount of money in the account is

A (10) = 500" %1% = 500" =~ $866.63.

After 20 years, the amount of money in the account is

A (20) = 500e" ™0 = 500e’! = $1,502.08.



Logarithmic Functions

log, (x) = yif and only if b¥ = x.  Logarithmic Functions
 logarithmic function — 3345 p& %X
» logarithm — 33X
« base — &
e common logarithm — & B
« natural logarithm — BRI
« inverse function — 2R
» logrules (properties) — 33 #M4 f5R
e change of base — REAT
« domain — JE X1
« asymptote — A%



Since the functions f (x) = e* and g (z) = In(z) are inverses of each other,

In (¢*) = zand ™ = 1,

and their graphs are symmetric about the line iy = x (Eigure 1.46).

Figure 1.46 The functions y = ¢ and y = In (x) are
invarses of each other, so their graphs are symmetric abouwt
the line y = =.



In general, for any base b > 0, b # 1, the function g (z) = log, () is symmetric about the line y = z with the
function f (z) = b". Using this fact and the graphs of the exponential functions, we graph functions log; for
several values of b > 1 (Figure 1.47).

yi




RULE: PROPERTIES OF LOGARITHMS

If a, b,c > 0,b+# 1, and r is any real number, then

1. log;, (ac) = log; (a) + log, (c) (Product property)
2. log, (%) =log, (a) — log; (c) (Quotient property)
3. log,(a") = rlog, (a) (Power property)



Solving Equations Involving Exponential Functions
Solve each of the following equations for x.

ahHt =2
b.ef4+6e T =5

Therefore, z = In2/In 5.
b. Multiplying both sides of the equation by e”, we arrive at the equation

e + 6 = 5e”.

Rewriting this equation as

e —5e* +6 =0,

we can then rewrite it as a quadratic equation in e*:

(e*)® —5(e*) +6 =0.

Now we can solve the quadratic equation. Factoring this equation, we obtain

(€% —3) (e" — 2) = 0.

Therefore, the solutions satisfy e = 3 and ™ = 2. Taking the natural logarithm of both sides
gives us the solutions £ = In3, In 2.



Solving Equations Involving Logarithmic Functions

Solve each of the following equations for x.
a.In (1) =4
b. lﬂg 1I.'i ‘lun"E + ].E'E m.‘I — E Therefore, the solution is x = lfe’l.
b. Using the product and power properties of logarithmic functions, rewrite the left-hand side of the

c.In(2z) —3In(z*) =0 oquation a8

3
logypvV'T + logyz = loggzv'T = lﬂ'Em-"TE'f2 = Elﬂgluf-

Therefore, the equation can be rewritten as

3 4
Elngmx = 2orlog,,x = 3

The solution is z = 10%3 = 10v/10.

¢. Using the power property of logarithmic functions, we can rewrite the equation as
In(2z) — In(z®) = 0.
Using the quotient property, this becomes

2
l.n (F) = ).

Therefore, 2/ r’ = 1, which implies x = v"ﬁ We should then check for any extraneous
solutions.



RULE: CHANGE-OF-BASE FORMULAS

leta > 0,b>0,anda # 1,6+ 1.

1.a" = b6 for any real number z.

Iif b = e, this equation reduces to a® = e®loka — prina

2. log,x = Eﬁ:ﬁ for any real number x > 0.

If b = e, this equation reduces to log, r = -{’ﬁ.




Use a calculating utility to evaluate log, 7 with the change-of-base formula presented earli

Use the second equation witha = Jand e = 3:
log,7 = &I ~ 1.77124.



Hyperbolic Functions

Hyperbolic cosine

Hyperbolic sine

Hyperbolic tangent

Hyperbolic cosecant

Hyperbolic secant

Hyperbolic cotangent

T + E—J’
coshx =
2
T —X
. —e
sinhx =
2
sinhx ef —e 2
tanhz = - —
coshx et 4 e~ =
1 2
cschxr = — = =
sinhx eT — g%
1 2
sechr = ==
coshx erf 4 et
coshx et 4+ e "
cothz = — = — :
sinhx gl — g1



cosh?t — sinh?f — et 424 e B et Qe _1
4 4

This identity is the analog of the trigonometric identity cos®t 4 sin®t = 1. Here, given a value t, the point
(z,1) = (cosht, sinht) lies on the unit hyperbola z* — 3* = 1 (Figure 1.50).

Yi

T K‘E . _FE =1

14 (cosh(1), sinh(1))
X




Graphs of Hyperbollc Functions

: =
1




RULE: IDENTITIES INVOLVING HYPERBOLIC FUNCTIONS

.cosh (—z) = coshzx

.8inh (—zx) = —sinhz

.coshz + sinhr = e*

.coshr —sinhe = ™"

.cosh®z — sinh?z = 1

.1 — tanh®*z = sech’z

.coth®z — 1 = csch®z

.8inh (x 4+ y) = sinhx coshy + coshzsinhy
.cosh (x + y) = coshxcoshy + sinhzsinhy

W0 O =~ h h & W AN -



Evaluating Hyperbolic Functions

a. Simplify sinh(5Inx).
b. If sinhz = 3/4, find the values of the remaining five hyperbolic functions.

a. Using the definition of the sinh function, we write
Slnz Slnzx lul:.z‘s']- _ plnf= 5} 5 5
e e e e
sinh(5lnz) = — -
2 2 2

b. Using the identity cosh?z — sinh®z = 1, we see that

312 25
cosh”x -+ 1 16

Since coshz > 1 for all £, we must have coshz = 5 ,-’ 4. Then, using the definitions for the
other hyperbolic functions, we conclude that tanhx = 3/5, cschz = 4/3,sechz = 4/5,
and cothx = 5/3.



Inverse Hyperbolic Functions

DEFINITION

Inverse Hyperbolic Functions

sinh 'z = aresinhz = In (:ﬂ + vV 4 l) cosh ™'z = arccoshz = In (z +vVr? — 1)

1
1

€

tanh 'z = arctanhz = %ln( i'ﬁj ) coth !z = arccothz = iln[:
I 2

144/ 1—x2
T

x ||

sech 'z = arcsechz = In ( csch 'z = arceschz = In (L - )



Evaluating Inverse Hyperbolic Functions

Evaluate each of the following expressions.

sinh ! (2)

tanh '(1/4)

sinh ™ (2) =In(2+ v27+1) =In (2 +v/5) ~ 1.4436

tanh~'(1/4) = 3In ({557 ) = $In (%) = $In () ~ 0.2554
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